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XUI. Hydraulic Investigations, subservient to an mtended Croo=
nian Lecture on the Motion of the Blood By Thomas

Young, M. D. For.Sec. R.'S.

Read May 5, 1808.

L Of the .F;‘z’clz‘oh»and; Discharge of Fluids running in._Pipes,

and of the Velocity of Rivers.

Havive Jately fixed on the discussion of the nature of in-
flammation, for the subject of an academical exercise, I found
it necessary to examine attentively the mechanical principles
of the circulation of the blood, and to investigate minutely

arfd“comprehensively the motion of fluids in pipes, as affected

by friction, the resistance occasioned by flexure, the laws of
the propagation of an impulse -through the fluid contained in
an elastic tube, the magnitude of a pulsation in different parts
of a conical vessel, and the effect of a contraction advancing
progressively through the length of a‘given canal. The phy-
siological application of the results of these inquiries I shall

have the honour of laying before the Royal Society at a future:

time ; but I have thought it advisable to communicate, in a
separate paper, such conclusions, as may be interesting to
some persons, who do not concern themselves with disqui-
sitions of a physiological nature ; and I imagine it may be as
agreeable to the Society that they should be submitted at pre-
sent to their consideration, as that they should be withheld until
the time appcinted for the delivery of the Croonian Lecture.

" Tt has been observed by the late Professor Rosison, that
the comparison of the Chevalier Dusuar’s calculations: with
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“his experiments is in all respects extremely satisfactory ; that
it exhibits a beautiful specimen of the means of expressing the
general result of an extensive series of observations in an
analytical formula, and that it does honour ‘to the penetra-
‘tion, skill, and address of Mr. Dusuar, and 'of Mr. e ST.
Honore', who assisted him in the construction of his expres-
sions. I am by no means disposed to dissent from this enco-
‘mium; and I agree with Professor Rosison, and: with all
other late authors on hydraulics, in applauding the: unusually
accurate coincidence between these theorems.and the experi-
‘ments from: which they were deduced. But I have already-
taken  the liberty of remarking, in my lecture on the history
of hydraulics, that the form of these expressions is by no means
so ‘convenient . for practice as it might have been rendered ;
and they are-also liable to. still greater objections in particular-
-casesy since, when: the. pipe is. either extremely narrow, or
-extremely long, they become completely erroneous: for
notwithstanding Mr. DusuaT seems to be of opinion, that a
canal may have a finite inclination, and’ yet the water con-
‘tained’ in it may remain perfectly at rest, and that no force
can be sufficient to make water flow in any finite quan-
tity through a. tube less than one twenty-fifth- of an inch
in diameter, it can scarcely require an argument to show that
he is mistaken in both these respects. It was therefore neces-
‘sary for my purpose to substitute, for the formule of Mr.
Duguart, others of a totally different nature; and I could fol-
low Dusuat in nothing but in his general mode of consid_eri»*)g
a part of the pressure, or of the height of a given reservoir,
as employed in overcoming the friction. of the pipe through
-which the water flows out of it; a:principle, which, if not of his
original invention, was . certainly. first. reduced by him into a.
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practical form. By comparing the experiments, which he has
eollected, with some of GERSTNER, and some of my own, I
have ultimately discovered a formula, which appears to agree
fully as well as' DusuaT’s, with the experiments from: which
his rules were deduced, which accords better with GERSTNER’S
experiments, which extends to all the extreme cases with equal
accuracy, which seems to represent more simply. the actual
operation -of the forces concerned, and which is direct inits
application to practice, without the necessity of any successive
approximations.
~ Ibegan by examining the velocities of the water;discharged,
through pipes of a given diameter, with dlff'erent degrees of
pressure; and I found that the friction could not be represented
by any single power of the velocxty, although it frequently
approached to the proportion of that power, of which the ex-
ponent is 1.8; but that it appeared to consist of two parts, ‘the
‘one varying simply as the velocity, the other as its square.
The proportion of these parts to each other must however
be considered as different, in pipes of different diameters,
the first part being less perceptible in very large pipes, or in
rivers, but becoming greater than the second in very minute
tubes, while the second also becomes greater, for each given
portion of the internal surface of the pipe, as the diameter is
diminished.
If we express, in the first place, all the measures in French
inches, calling the height employed in overcoming the fmctxon
> the velocity in a second v, the diameter of the | plpe d “and
its length /, we may make f= aév e call v; foritis ob-
vious that the friction must be directly as the length of the
‘pipe ; and since the pressure is proportional to the area “of the
section, and the surface producing the friction to its circumfe-
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rence or diameter, the relative magnitude of the friction must
also be inversely as the diameter, or nearly so, as Dusuvar has
Jjustly. os:)served We shall then find that @ must be .0oco0c01

l4.40 180 qoodd ... .1
(430 + TTEL TR ) and ¢ = .0000001. (dd’-p‘rcob‘*hvd

'(.1ao5oa+>- idi + EJ'})" Henceitis easy to calculate the velocity
for any given pipe or river, and with any given head of water.
For the height- ré’qni‘r'ed' for producing the velocity, indepen-
dently of friction; is, accordmg to' DUusUAT, 4;8,or rather, as it
ap‘pears from almost all the éxperiments which I have com-
pared — s and the whole height /1 is therefore equal to f + .

5502
or‘h ("l +E§5) + zjl v; and makmgb = oiT d+ o ald
Ix -;; v’ + 2ev = bh, Whence v = (blz + ¢*)- —e. “
orde_ to ada,pt thls formula to the case of rivers, we must
.n'lake Z mﬁmte then b becomes l, and bh “'(T% = ﬂ 58
b: mg the sme of th_ flnChl’!dtIOD and d four times the hydrauhc

nean depth i _ka d since e is here = %, v __i(—"—-(h—"lfc)“c, and in

most rivers, v be ‘c»omes nearly V4 ( goooo das).
. In_order to show the agreement of these formule with
the result of obbervatlon 1 have extracted, as indiscriminately
and lmparnally as possnble forty of the experiments made
d collected by Dusuat; I have added to these some of
GERSTNER s, with a few of my own; and I have compared the
resultb of these experiments with Dusvat’s calculations, and
with.my own fcrmulae in separate columns. There are six
of DUBUAT S, eXperlments which he has rejected as irregular,
appa‘renﬂy k,_\{_1thout any very suﬂiment reason, since he has
‘rtljf mentioned that some of them were made with
: I_ have therefore caIculdted the velocities for these

a'l
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Tabular Comparison of Hydraulic Expériments.

Observer. d. 'i' %le}ig::f: : R Dub. g;?o Y. é?i%. ,;7a X 1‘7cx|1/ 0000ds)

DuBuaT.|262.5(35723(15.96] 12.56 2 10.53.0776|11.10/.0537] 424 | 952 111
258.5} 0413(31.77|26.631 28.76E.o334. 28.0z[0221) 424 | 952 | 28.3
92-4{21827| 9.61 7.011[ 8.38.0775| 8.14.0649| 415|914 9.3
75.6{27648| 7.27| 5.072{ 6.55.1112 6.27.0923! 413| 887 7.5

17.6] 9288 5.70 | 5.80.0120| 5.97/.0291| 376 | 465 6.1

16.4] 432 32.52 (31.61/:,0124{30.67.0255| 374 | 451 27.6

117} 1412 14.17 {13,59.0182/14.05{.0037| 360 | 416 12.z

9-61 427 22.37 124.37|-0372/24.43| 0379|355 | 414 21.7

5.8 212 27-51 |27.19.0051|27.34|.0027! 332 | 460 23.5

Ob'scrvers. d | L he v. | Dub. g‘:ﬁ,, Y. I;g% 'xl: X117 ¢

CourLeT |18 43200 [145.0839.16140.51/.0148] 38.49.0075 376 | 469
5 84240 | 25.00| 5.32| 5.29|.0024] 5.40.0065/ 326 492
16.75! 4.13| 4.23/.0103] 4.21.0083
- 5.58| 2.01 2.25.04g90] 2.01..0000
BossuT |2.01 | 2160 | 24 |24.73|24.05/.0115| 24.76/.0006| 287 | 747
‘ ' 12" 16.35[10.10.0075| 16 86,0125
1080 | 24 [35.77/35.10].0082| 35 o5|.008g
360 | 24 |58.90|58.80/.0007| 56.85.0154
1.33 | 2160 | 12 |12.56{12.75| 0065 13 28| 0242| 270 | 919
‘ 1080 | 24 |28 08|28.21).00z0[ 28.84/ 0110

360 | 24 148.53|49.52.0088] 48.66/ 0015

I. 600 | 12 |22.28[21.98/.0055! 22.83 0106 259 {1063
4 |12 22[11.76.0167| 11.92/.0108
Dvusuar 737 | 23.7 |28.67|29-41|.0111| 30.11| 0213

12,2 (19 99[19.95.0009| 20 67/.C14§
1 4.2 [10.56]10.66|.0041| 10 go|.0137
117 | 36 |84 95{85.52].0029| 83.12|.0069
-1 18 [58.3158 47|.cor4| 58.41}.0012

.24167| 36.25) 53.25[85.77|85.20 . 0029| 85.71|.c003| 3092268
) 41.25|73-81|73.90/.c003| 74 67|.0050
20.17{51 96|50.14{.0155| 50.87.0093%
5.00|23+40]23.19|.0039] 23.09/.0058
83| 7.58} 8.221.0420| 7.22.0212
1667 | 36.25) §51.25/64.37|64.95.0031| 64 o8l.coz1| 402 {2827
38.75/54-19155-32/.009¢| §4 93| 0055
15.29|33.38/33.17,.0028] 32.67.0094
2.04/10.62{10.49/.0053] 9 24| 060y _
L1235 34-17| 42.1745-47/46.21].0070| 45 88.0039] 518 3405 |
N 35-33|41.61/41.71l.0070[ 41 §55{.coc6
14.5826.20|25.52.0114) 24.94{.0214
2.08] 7.32| 8 35e572| 6.98}.0206

(Mean .01787(Mean.:0169
= L. 1.042) = L, 1.040)
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(Mean .o17=L.1. 04.1 oog =L.x ozz)

L Log.| -
Observers. d. Z b. . Dub. - r:tg Y. | rgtg: a. o
GERSTNER,
at 55.5°F. .2| 63 10.7] 24.20 -23.9/.006 | 24.1 |.002 340 2533
: 770 z1.0f 19.9/.023 | 19.1 |.042
47| 15.8] 14.9/.026 | 13.9 |.056
1.9 7.5 8.2{.039 | 6.9 |[.036
7)) %5 5:0-301 | 34 .133
1330 33 10.7| 27.1] 23.4]/.064 | 22.5 [.081 488 32509
770 232 19.4{.077 | 18,5 |.098
47| 15.4f 14.6/.024 | 13.5 |.058
L7l 56}  8.aj.160.| 6.7 . |.078
|7 23 46301 | 3.4 |abg | ¢
0674 33 | 107} ‘10.0f  8.9l.051 | 10.1  |.004 9751 5700
‘ : 7.7 7.2 7.4{.012 | 82 |.057 :
471 45 561095 | 56 |.095
1.7 1.5 3.11.316 | 2.5 |.222
7 .5 1.8/ 444 | 1.1 |.342
(Mean .129=L.1.346 .098=L.1.254)
Y. At 60°% | % 850 32.4/ 1440 o o | 13.36 {.032 2956’ 13882
3| 342 300, .53 .52 |.0c08 | 13404452100
.17 5.8 .27 .30 |.046 |
(Mean .029==L.1.068)
Dusvar i 2] 255.25 36 35] 86.31 84.2‘.611 79. 7' 035 2870 747
~ 14 24 |36.25{122.59| 117.8|.018 1208 .007 259 1003
27 | 106.45| 101.1].022 | 104.1 t 010
18 84.85] 8z.2}.013 84.8 .000
9 59.25| 57-5].013 597 |-004
27,08{118.67 111.5|.027 1185, 000

It appears from this comparison, that in the fort'y exp‘eri-
ments extracted from the collection, which served ag a basis
for DusuaTt’s calculations, the mean error of his formula
s 54 of the whole velocity, and that of mine ;% only; but
if we omit the four experiments, in which the superficial
velocity only of a river was observed, and in which I have
calculated the mean velocity by Dusuat’s rules, the mean

MDCCCVIIL.

Z
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error of the remammg g6 is 7y, according to my mode of
calculation, and % accordmp‘ to Mr. DUBUAT s so that on
the whole, the : accuracy of the two fOImuIee may be con-
sidered as precisely equal Wlth respect to these experlments
In the six experiments which DUBUAT has wholly rejected,
the mean error of hxs formula is about‘ E’Z, and: that of
mine 5. In’ ﬁfteen of GERSTNLR S experhnents, tJe mean
error of DuBuAT’s rule is one third, that of mine one fourth
and in ‘the three experlments whlch 1 made w1th very fine
tubes, the error of my own rules is one ﬁfteenth of the whole,
while in such cases DusvAT’s formulze com pletely fail. T have
determined the mean error by adding together-the logarith-
mic ratios of all the results, and dividing the sum by the
number of experlments It would be useless to seek for a
much greater degree of accuracy, unless it were probable that
the errors of the expenments themselves were less th
of the calculatlons but if a sufficient number of extréme y
accurate and frcquently repeated experlments could ‘be obe
tained, it would be very possible to adapt my formula still
"'m"ore correctly to their results.

“In order to facilitate the computation, I have made’ a'table
of the coefficients a and ¢ for the different values of 4, Al the
measures being still expressed in French inches.
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Table of Coefficients for French Inches.

a&ﬁ‘, c d : c S a I R a (:
Aarxfora 47k aTx ¢ x| 7% 4 e farx
oo | 430 | 9oo [401 400 | 719 14 | 3191 540 -4 | 257 | 1717
500| 427 94.3 300 393 1 61813 | 305 | 6iz% 268 {1895
{goo| 426 | 946 {25} 387 | 560 |2.51 296 | 687| .3 | 279 | 2008
300| 423 | 950 |20] 380 | 492 |2 | 288 | 751% 303 | 2225
2¢0| 421']'g3u |15]:370 | 427 [ 1.5| 275°| 8066 .2 | 349 |2532,
{100 416 | 923 {10| 354 | 414 |1 | 259 | 100315 | 402 | 2827
‘9ol 4151 911 9| 350 | 421 | .9 255 | 1123] .15] 440 | 3026
8o| 413.| 896 | Bl 345 | 433 | .8] 252 | 11933 | 458 | 3116
170 4101 872 | 7| 3401 440 | 7| 249 | 1278¢ | 518 | 3405
| 6o} 408 | 8401 6] 335 | 462 | .6 248 | 138415 | 389 }3093
50| 406 | 792 | 51 325 | 512 1 .5l 249 | 1524] .1 | 040 | 3985

For;examfile,iri the last experiment, where d is 1,/ 4,and

h 27 1, we have a'=.0000259, b = T"mom =516, ¢ ==

.0001063, e=bel:d=.22,and v =1/ (bh+e“) —e=118.46,
whlch agreeb with the experlment within 3-65 of the whole

ad at‘ﬁrst employed for a the formula - + ery +' + 6(,(1,

butIfound that the value, t hus determmed became too great
When d was a,bout 20, and too small in some other cases.
CoULOMSB’s experiments on the friction of fluids, made b_y
means of the torsion of wires, give about ._ooo14.for‘ the value
of ¢;which agrees as nearly with. this table, as any constant
number could be expected to do. I have however reason to
think, from some experiments communicated to me by Mr.
RoserTsoN BucHanan, that the value of a, for pipes about
half an inch in diameter, is somewhat too small ; my mode of
calculation, as well as Dusuat’s, giving too great a velocity
in such cases.

If any person should be desirous of making use of Du-
sUAT’s formula, it would still be a great convenience to begin
YA
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by determining v according to this method ; then, taking
! . l

‘b“m¢.4 5 ‘or rather; as LANGsporF makes i) b—= — P

to preceed in calculatmg v by the formula v = ,148 5

(Vd— 2). ( s le/(b-;-aé) 001) since fhls‘determl-

nation of b will, in. general be far more accurate than the

I+ 45d
b

a on, ‘with apprommate values of 'v may ]
av01ded Sometlmes indeed, the values of v found by this
repetmon, yvﬂl constitute a dlvergmg mstead,;",' ‘f COnVergmg
series; and in such’ cases, we can only employ a conjectural
value of v, intermediate between the two preceding « ones.

Havmg suﬁimently examined the accuracy of my formula,
1 shall now reduce it into Enghsh 1nchee and shall add a se-
cond table of the cbefﬁments, for assxstmg the calculatlon In

xpre.sswn b=- , and the contmued pe

Cr440 o B )
T d 128 d o355l
goodd.

¢ =.0000001 (a’d+ “36+vd(1085+13“+ '°563) and b*—

thls case, a becomes oooooo1 (413 + Ego

;;1‘ e 00171’ ¢ bemg > and v = (bh+ e’) —_— e or =

Vv (‘;‘ -+ ;;) -, as before;" and- ineither case’ the *s‘uperﬁclal
f veIocxty of a river may be found, very nearly, by addmg to the
mean velocity v its square root, and the velocity at the bottom
by subtracting it.
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Table of Coefficients, for English: Inches.

a. C. a. c. a. C. a. C.

d AT a7 X d.. A7X [ 17X d AT X a7 X ‘d,' J7X 17X
%0 | 413 } goo | 40 383 | 608 |4 | 300. 556 4| 254 11779
1500f 410 | 944 | 30 377 | 597°|3 | 292 | 635 & | 208 {1963
J40ol 409 1 948 | 25| 371 | 526 |2.5| 284 | 694 | .3 280 | 2082
300):406 {951 | 20/ 364 {482 |z | 277 | 774 & | 305 2307
200( 404 | 951 | 15) 354 | 430 |1.5| 266 | 894 | .2| 354 | 2631
10017399 | 918/| 10/-339 | 413 |1 | 251 {1099 | | 409 | 2943
1991 398 1 903 | 9| 330 | 421 | .9 248 [1I6L |.15| 447 | 3150
80/ 396 | 885 | 8331 | 433 | 8| 245 [1234 |7 | 466} 3251
1701 393 | 860 | 71 327 | 449 | .74 243 [1322 [} | 528 | 3558
6ol 301 | 825 | 6| 322 | 471 | .6 243 |1433 [} | 599 | 3866

_,:50 389 .,‘;772‘ By~ ‘312 507§ -5 245 |1578 .1 657 ;174183

II Of the Reszstance occaszoned by Flexure in Pzpes or Rwers.

) Mr DUBUAT hdS made some expenments on the eﬁ?'ect; of

he flexure of a pipe in retarding the motion of the water flow-
,mg throuO‘h it ; but they do not appear to be by any means suf—
ficient to authorise the conclusions which he has drawn from
them. ;. He directs the squares of the sines of the angles of
flexure to be collected into one sum, which, being multiplied
bya certain constant coefficient, and by the square of the
‘velocity,is to show the height required for over¢oming the
resistance. It is, however, easy to see that such a rule must
.be fundamentally erroneous, and its coincidence with some
experiments merely acudental since the results atforded by
it must vary according to the method of stating the problem,_
‘which is entirely arbitrary. Thus it depended only on Mr.
Dusuar to consider a pipe bent to an angle of 144° as con-
sisting of a single flexure, as composed of two flexures of
72° each, or of a much greater number of smaller flexures,
although the result of the experiment would only agree with
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the arbitrary division into two parts, which he has adopted.
This difficulty is attached to every mode of computing the
effect either from the squares of the sines or from the sines
themselves ; and the only way of avoiding it is to attend
merely to the angle of flexure as expressed in degrees. Itis
natural to suppose that the effect of the curvature must increase,
as the curvature itself increases, and that the retardation
must ‘be inversely proportional to ‘the radius of curvature,
or very nearly so; and this supposmon is sufficiently con-
firmed, by the experlments which Mr. Dusuar has em-
ployed 'in support of a theory so diflerent. It might be
exected that ‘an equal curvature would create a greater
lesxstance in a larger pipe than in a smaller, since the in-
equahty in the motions of the different parts of the fluid is
greater ~but this' circumstance does hot seem to have. m-
'ﬂuenced the results of the experiments made with plpes of an
inch and of two inches diameter: there must also be Some
deviation from the general law, in cases of very smdll plpes
havmg a great curvature, but this deviation cam‘]ot be
determined without further experlments Of the o5 “which
Dusuat has made, he has - rejected 10 as irregular, because
they “do not agree with_ his theory : indeed 4 of them, which
were made with a much shorter pipe than the rest,fdii’fer,%,so
manifestly from them that they cannot be reconciled: but 5

-othersagree sufficiently, as well as all the rest, \mth the. theery
which I have here proposed, supposing the resistance to be as
“the angular flexure, and to increase besides almost in the same
proportion as the radius of curvature diminishes, but more
nearly as that power of the radius of which the index is Z
“Thusif p be the number of degrees subtended at the centre of
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flexure, and g the ra‘dius of curvature of the axis of the pipe

in French inches, we shall have r == 27 nearly, or, more
2000009

accurately, 7 = 93"_"3%5..[’";’., These calculatlons are compar-—

ed- with the whole of DusuaTt’s. experlments in the followmg
table.

Table of Experiments on the Resistance occasz'oﬂgql by Flexure.

pg et r | BOY.r Y.zg~p g |{v| riB [Y.1]Y.2
1288 .| 3.22/15030|4.75 ' * 6.71 16.98 288 |3.22 [3415]1.50[1.57 52 .58
| |rr3zoj3.50 | [5.06 ;26’!44 | 75| 78] 761 .79
719912:33 | 13-2113:34 ) 72 4 4 |37].39 381391
oo oo )351001.08 1.56 [1.62 [196.5/6.12 | 2751 -781 551 .62
216 [ 7216 2.49 2. 49]2.42 [2.52{112.5] .53 | 150 3.6313.00}
1444 ) 1:50 1.66(1.61 [1.67 720 "13.22 [5125(5.90(5.90 5.72 5.95
72 N .75 |.83] .80} :831288 3458{1.64(1.59 {1.54.|1.60
f196.516.12 0 }r.50 [1.66{1.161.38 ) ool | 880] 41| 40| -38] .40
147.4 o fr.az 124 87] 98|l —— 821| .39| .38| .37 .38
o831 ) b s 83) w581 .651288 410 |344811.331  |1.21l1.30}
49-1 0 | o | -37 | -41] .29] .33 7449;2-90 259 278
11z, s 53 G000 | 7 17.6816.36 1294.8/9.9 )| RN R
I 1590 | . 16.7415.60(360 |4.1 - |8.64 18.0818.62
‘28% 13.22] 3415] 1.50 [1.57(1.52 {1.§8 [112.5/1.1 S N

In'the last three experiments, the diameter of the pipe was
two inches.. The radius of curvature is not ascertained within.
the tenth of an inch, as Dusuar has not mentioned the thick-
ness of the pipes. The mean error of his formula in fifteen
experiments, and of mine in twenty, is ;% of the whole.
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L. Of the f~'Pmpagzzi.#it)n of an Impulse through an elastic Tube.

The same reasoning, “that is employed for determining the
velocity of an impulse, transmitted through an elastic sohd or
fluid body, is also apphcabIe to the case of an mcompress1ble
ﬂu1d contained in an elastic pipe ; the magmtude of the modulus
bemg properly determined, accordmg to the excess of | pressure
which any additional tension of the pipe is capable of pro-
ducmg ; its helght bemg such, as to produce a tension, which
is to. any- small iricrease of tension produced by the approach
o-;.secnons of the ﬂuid in: the. pipe, as their dlstance to its
ment for in this case the forces. concerned are precxsely
similar-to those which are employed in the transmission of an
“impulse through a column of air enclosed in a tube, or through
an .,el‘astic. .solid.  If the nature of the pipe be such, that its

elastic force varies as the excess of its circumference or dia-
meter above ‘the natural extent, which is nearly the usual
constitution of elastic bodies, it may be shown that there is a
certain finite height which will cause an infinite extension ‘énd
that the hexght of the modulus of e]ammty, for each pomt is
equal to half its height above the base of this imaginary
column ; which may therefore be called with' propriety the
modular column of the pipe : consequently the velocity of an
1mpulse will be at every point equal to half of that which is
due to the height of the point above the base; and the velocity
of ‘an impulse ascending through the pipe being every where
half as great as that of a body falling through the cofrespond—-
ing pomt in the modular column, the whole time of ascent
will be precisely twice as great as that of the descent of the




Dr. Youne’s Hydraulic Investigations. 1%y

falling body ; and in the same manner if the pipe be inclined,
the motion of the impulse may be compared with that of
a body descending or ascending freely along an inclined
plane. St S 4 : o 80
These proposmons may be thus demonstrated : let a be the
dxameter of the pipe in its most natural state, and let thls d1a-
meter be mcreased to b by the pressure of the column < the
tube bemg S0 constltuted that the tension may vary as the
force. Then the relattve force of the column ¢lis represented
by be, since its. efﬁcacy increases, according to the laws of
hydrostatlcs, in the ratlo of the diameter of the tube ; and thls
farce must be equal in a state of equlhbrlum, to: the tensxon
arlsmct f'rc’m the. change from atob, that is, to b —a; conse—

quently the height ¢ varies as 5’-5-’-’, and if the tube be. en-

larged to any diameter , the corresponding pressure required
to distend it will be expressed by a height of the colurnn equal

2 be bi—a L= : a)\
to(l ——-;)5—-— smce—-b- PO (1-—-x) g
if the diameter be enlarged in such a degree that the length
of a certaln poruon of its contents may be contracted in the

ratlo 1 1 —-r, r belng very small then the enlargement wal

be mthe ratx.o,l 11 - .—,, that is, x' will be we . but the mcre-.
ment of the force, or of the height, 1s e e -, ‘which Wﬂl

become -f ,7;’1"-; Now in a tube filled Wlth an elastic ﬂuld
the height being b, the force in s:mllar circumstances WOuId
be rb and 1f we make kb = =, b,_'— ‘the velocity of the pro-

pagatlon of an 1mpulse will be the same in both cases, and
MDCCCVIIL. Aa
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will be equal to the veIomty of a body ‘which' has Fallen.
through the helght b.""""SuppoSm 2 infinite, thé’ hexght

icapab[e of producmg the neces'sary :'preséure becorh

which may be called g, and for every . other value of X, thlS

helght is- (1 --~-) gy or g—-—Jg or, since 4 becomes 2 -——,g_...

b, xso that b is always equal to half the difference betvvteen
g ‘atid’ the actual height of the column above the given point,
or to half the height of the point ‘above the base ‘of the
column.

If‘ two values ‘of x, with their correspondmg helghts are
iven es" b and x, correspondmg toc and d, and it is réqulred

;to ﬁnd'lz’z, we have 2= bai:_ G, 2 d dbx-_dax

' = y Zob
;wa.:,e;and, a = dbf” b or 2 = d‘”»——”— , Thus f the helght

—cb 7 7 d T dr—cx’

‘equivalent to the tension vary in the ratio of anypower m
of ihe dlameter, SO that n being a“small quantity; z:==b

: bc((:-l-n) (L+mn)-.r.t)
»_(1+zz)andd—-6(1 +mn)’- bc((x-}-n) (1+mn..a(1+n)
Limn +n

smce the square of ni is evanescent and —=

';_For example lfm = 4, 5 .__ 4 5 and 1fm._ 2, b d

IV. Of the Magnitude of a-diverging Pulsation at different,
Points.

The demonstratxons of EvLERr, LAGRANGE, dtid BEANOULYA,

respectmg the propagatlon of sound, have’ detérmined that

the welomty of the actual motion of the individual partlcles of
an elastic fluid, when an’ mpulse is ‘transmitted throligh'a
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conical pipe, or, dlverges spherically from a centre, varics in
;the sm;xple verse ratlo,vof?_the dlstance from th; vertex o)

'part‘lcles aﬁecfed as mlght naturally be mferrcd frdm t}ﬁe‘
general law of the preservation of the ascending force or
impetus; in all cases of the communication of motion- between

elastlc bodxes, or the: partxcles of ﬂuxds of any kind. l/There

sxmrlar conclusmn may be formed respectmg Waves chvergmg
from or cenverging to a centre. Suppose a stralght waye
to.be. reﬂected backwards and forwards in succession, by two

| ertzcdl surf ‘ces perpendxcular to. the dlrectlon of its motlon 5
Citis e\{rdent that in  this and every, other case of such reﬂec—
tions, the pressure agamst the oppos1te surfaces must. be
‘equal, otherwise the centre of inertia of the whole system
of -bodies concerned would be displaced by their mutual ac-
tions; which  is: contrary to the general laws of the proper-
ties of the centre of inertia. Now if, instead of one of the
surfaces, we substitute two others, converglng ina very acute
angle, the wave will be elevated higher and higher as it ap-
proaches the angle: and if its helght be supposed to be every
where in the inverse subduplicate ratio of  the ‘distance of
the converging surfaces, the magnitude of the pressure, re-
duced to the direction of the motion, will be : precise-ly equal
to that of the pressure on the single opposite surface, which
will ot happen if the elevation vary inversely in the simple
ratio-of ; the distance, or ih that of any other power fhan its
square-root. .This mode of considering the subject aﬁords
us-therefore an additional reason. for.asserting, that in all
Aase




ifo

o Youke's: Hydrauntie Investigations.

transmissions of impulses through elastic bodies, or through
gravitating ‘fluids, the intensity of the impulse varies inversely
in the subduplicate ratio of the extent of the parts affected
'a(t the same time ; and the same reasomng may without doubt
‘be apphed to the case of an elastlc tube.

.. There is however a very smgular exception, in the case of
Waves crossing. each other, to the general law of the preser—
vation. of ascending force, whlch appears. to be almost sufﬁ-
ment to set aside the universal apphcatlon of thaq law to the
motions of ﬂu1ds It is confessedly demonstrdble that each
of two waves, crossing each other in any dlrectlon wdl pre-
serve its motion and its elevatton w1th respect to the :surface
of the fluid affected by the other ‘Wwave, in the same manr'l‘e(r
as if that surface were plane: and, when the waves Cross each
other nearly in the same dzrectlon both the helght and the
actual velocity of the partlcles bemg doubled, it is obv1ous that
the ascending force or impetus is also doubled, smce the bulk
of the matter concerned is only halved, Whlle the square of
the velocity is quadrupled; and supposing the double wave
to be stopped by an obstacle, its magnitude, at the moment of
the greatest elevation, will be twice as great as that ofa smgle
wave in similar circumstances, and the height, as well as the
quantity of matter, will be doubled, so that either the actual
or the potential height of the centre of gravxty of the Auid
seems to be essentially altered, whenever such an interference
of waves takes place. This difficulty deserves the attentive
consideration of those who-shall attempt to investigate either
the most refined parts of hydraulics, or the metaphysical
prineiples of the laws of motion.
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» Eﬁéct of .aContraction;.advancing through a Canal.

lr' we suppose the end of a rectangular horizontal ¢ nal,
partly ‘filled with water to advance witha glven velomty, leé*b
than that with which a wave naturally moves on the sur »a“”‘e of
the Water it may be shown that a certain portion of the water
will be carrled forwards, with a surface nearly horizontal,
and"’that the extent of this portlon will be determmed very
nearly, by the d1fference of the spaces descrlbed in‘any giveh
tlmeb by a Wave movmg on the surface thus elevated, and by
moveable end of the canal.” The form of the anterior
termlhatxon of this elevated portlon or wave, may Vary, -at-
'f”rdulg to the degrees by which the motion may be supposed
to have *commenced but whatever this form may be, it will
‘cause an acceleratwe force, whlch is sufficient to 1mpart suc-
ceaslvely to the portlons of the fluid, along which it passes,‘a
)velocrcy equal to that of the moveable end, so- that ‘the ¢lé-
vated surface of the parts in motion may remain nearly hori-
zontal : and this proposition will be the more accurately
true, ‘the smaller the veloc1ty of the moveable end ‘may be.
For, callmg this velocity v, the original depth 4, the increas-
ed depth x, and the velocity of the anterior part of the wave
y, We have, on the supposmon that the extent of the wave is

already become conmderable, r = y_'_ , taking the negatlve
or ‘positive: sign according to the direction of the motlon
of the end; since the quantity of fluid, which before occu-
pied a length expressed by y, now oceupies the length
The direction

—_— 45 e 2 s - av N
¥ F v; and putting @ ~ T =2%,% = ;=
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of the surface of the margin of ‘the wave is indifferent to
the calculation, and it is' most convenient to suppose :its " in-
clination equal to half a right angle, so that the accelerating
force, acting on any thin transverse vertical lamina, may be
equal to its weight: then the velocity y must be such, that
while the inclined margin of the wave passes by each lamina,
the lamina may acquire the velocity v by a forcetequglﬂ{tg;its
own: weight ; consequently the time of its passage ,m‘usft,be
equal to that in which a body acquires the velocity v, in fal—
ling through a height b, corresponding to ' that velocity ;
and tlns time is expressed by = 5. but ‘the space - descmbed by

the margm of the wave Is not exactly 2, because the larmna
‘m questmn ‘has moved horlzontally durmg its acceleraﬂon

through a space which must be equal to b ; the dxstance ac-

tually descrlbed W111 therefore be % + b and we have -—";i;

Zoet+b= Zby ,av + by — by = +J'ﬂb}’;“)" +"3-‘ vy = 7
__ i (y Fiv)® ‘2"2 4+ Z s but m bemg the proper coefﬁ-

cxent v=m 4/ b, and v* _m°b @ -+ 136—-— m* (£+}b€)’3’=
" 1/ ( +; )+ v and_y+v m1/( - -—):I-{v ‘But when
m‘a/ V 3

my (3a)
= \/ (zab) and r =a + Y (2ab), while the helght ofa fluid,
in which the velocity would be y, is nearly @ + & / (2ab):

consequently, when the velocuy visatall conmdergble, y-amust
be somewhat greater than the velocity of a wave moving ‘on
the surface of ‘the elevated fluid ; and probably the ourface
of the elevated portion will not in this case be perfectly hori-

v lS small we may take - y ¥ v nearly m J = and % = it
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zontal; butwherew is small, y may be taken, without material
error, m ¢/ £, or even m o/ £, which is the velocity of every
small wave. The coefficient 7 is here assumed the same for
the motion of a wave, as for the discharge through an aper-
ture, and I have reason from observation to think this estima=
tion sufficiently correct.

" Supposing now the moveable end of the canal to remain
open at the lower part as far as the height ¢, then the excess
of pressure, occasioned by the elevation before it, and the de-
pression’ behind, will cause the fluid, immediately below the
moveable plane,. to flow backwards, with the velocity deter-
mmed by the hexght which is the difference between the le-
vels and:the quantlty thus ﬂowmg back together WJth that
whlch 1s"\contamed in the moveable elevatlon must be equal
to th _whoIe quantlty dlsplaced But the depression, behind
the moveable body, must vary according to the circumstances
Qf thevcarial, whether it be supposed to end abruptly at the
part from which the motion begins, or to be continued back-
Wards W;thout 11m1t in the. first case, the elevation = will be
to the depressmn as v to y — v, the length of the same por-
tion, of the fluid being varied: mversely in that ratio; in the

second case, the proportion will be as y + vtoy — v: and

the dlf‘" erence - of the levels will be % -~ z £=2 J = = —f,or second-

ly b x 0= 2tand first, mv"fc+( ~v) 2= (a—)

%5 but, since'y is here considered as equal tom v/ 2, putting
. d/

\/_—- Vb_dy—v_..md dnd calhnga—-—-c e, m1/
c+mdz.__me~/b ./z"c+dz——e1/b ¢ y—-—e"b—{-dﬂz
—edze v/ b,z —-'(c"’—}--z-e—“‘-/-—b}z:- 20 and, calling £~ 4

a‘l
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"‘”’ sfige=f — ¢/ ( s - ) ::and in the same manner fis found,

. B h ¢’y ey b g )
for the second case, equal to - Y H) . For example,
suppose the height @ ¢ feet, b = £, ¢ =1, and conse-
quently =1, then d becomes £, v =4, and y = 8 ; and in

the first case z = .1, and in the second 2 = .14,

"If v, the velocity of the obstacle, were great in comparison
with m 1/ , the velocity of a wave, and the space ¢ below the
obstacle were small, the anterior part of the elevation would
advance with a velocity considerably greater than the natural
veloc:ty of the wave: but if the space below the obstacle
bore a considerable proportion to the whole helght the ele-
vation z would be very small, since a moderate pressure Would
cause the fluid to flow back, with a sufficient velocity, to ex-
haust the greatest part of the accumulation, which would
otherwise take place. Hence the elevation must always be
less than that which is determined by the equation m 4/ %c

==¢v, and 2z is at most equal to (7‘;%') " = % b;butsince
the velocity of the anterior margin of the wave can never mate-
rially exceed m ¢/ 2:- , especially when 2z is small, and / -2’5
. . % IS a gz L x : oy

being in this case nearly / ~ +Wb,m¢ —~—my/ b

*p . . g '
= m (‘/ 24+ 7{;;)-0?-—- Vv b) which, multiplied by %, shows
the utmost quantity of the fluid that can be supposed to be
carried before the obstacle. Supposing b = £ q, this quan-

s : 4 . :
tity becomes m ' 2 . 5 . % ; and if & be, for example,

10

tity of the fluid left behind.

x| it will be expressed by — 400 av, Whlle the whole quan-
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A similar mode of reasoriing ‘may be applied to other.cases
of the propagation ofidmpulses, in particular to that of a con-
traction moving. along an elastxe plpe In this case, an in-
crease of. the d;ameter does not mcrcase the velocrty of "the
transmission of an 1mpulse and when the velomty of
contraction approaches to the natural velocity of an xmpulse
the quantity of fluid protruded must, if p0551ble be stlll
smaller than in an open canal that is, it must be’ absolutely
1ncons1derable, unless the contraction be very great in com-
parison wrth the dxameter of the pipe, even if its extent be
such as to occasion a friction which may materially lmpede
the retrograde motion of the fluid. The apphcatlon of this
theory to the motion of the blood in the arteries is very ob-
vious, and I shall enlarge more on the subject when I have
the honour of laying before the Society the Croonian Lecture
for the present year.

The resistance, opposed to the motion of a floating body,
might in some cases be calculated in a similar manner: but
the principal part of this resistance appears to be usually de-
rived from a cause which is here neglected ; that is, the force
requlred to- produce the ascending, descending, or lateral mo-
tions of the partlcles which are turned aside to make way for
the moving body ; while in this calculation their direct and
retrograde motions only are considered.

The same mode of considering the motion of a vertical
lamina may also be employed for determining the velocity
of a wave of finite magnitude. Let the depth of the
Aluid be d, and suppose the section of the wave to be an
isosceles triangle, of which the height is b, and half the
breadth ¢ : then the force urging any thin vertical lamina

MD CCCVIIL. Bb
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in a horizontal direction will be to its weight as b toc¢; and
the space d, through which it moves horizontally, while

half the wave passes it, w111 be such that (¢—d). (a4 5 b) =
be
P »
is the same as is due to a height equal to the space, reduced
in the ratio of the force to the weight, that is, to the height

bb cy .
s e b) which is the

mean velocity of the lamina. In the mean time the wave de-
scribes the space ¢ 4= d, and its velocity is greater than that

ac, when ced = But the final velocity in this space

———, and half this velocity is 3 m v/ (

of the Iamma in the ratio of = +1 to 1, that is 24 + 13 + 1

‘ b Lo dph
or % ‘4 2t0 1, becommorm(b-{- 1) —~———~‘/ (“ s b) =m V(za-]-b) ;
which, when b vanishes, becomes m 1/ -» as in LAGRANGE’s

b

theorem and when b is small, m (V 3 2 hbrevesy

a4 b)
m. :'/ﬂ(’.}al)’ . but if a were small, it would approach to m \/ ‘b,

the velocity due to the whole height of the wave.

) or



